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ON THE ESSENTIAL DIMENSION OF COHERENT SHEAVES
INDRANIL BISWAS, AJNEET DHILLON, AND NORBERT HOFFMANN
Abstract. We characterize all fields of definition for a given coherent sheaf
over a projective scheme in terms of projective modules over a finite-dimen-
sional endomorphism algebra. This yields general results on the essential di-
mension of such sheaves. Applying them to vector bundles over a smooth
projective curve C, we obtain an upper bound for the essential dimension of
their moduli stack. The upper bound is sharp if the conjecture of Colliot-
The´le`ne, Karpenko and Merkurjev holds. We find that the genericity property
proved for Deligne-Mumford stacks by Brosnan, Reichstein and Vistoli still
holds for this Artin stack, unless the curve C is elliptic.
1. Introduction
The essential dimension of an algebraic object was introduced in [6]. Roughly
speaking, it is the number of algebraically independent parameters needed to define
the object; the precise definition is recalled below. This notion has been studied
intensively, leading to many interesting connections with several areas of algebra
and algebraic geometry, as the recent surveys [24] and [22] show.
The essential dimension of a moduli stack is the supremum of the essential di-
mensions of the objects it parameterizes. For smooth Deligne-Mumford stacks, it
suffices to consider generic objects, according to the genericity theorem of Brosnan,
Reichstein and Vistoli [7, Theorem 6.1]. They use it to determine the essential
dimension of the moduli stack of curves. In an appendix to [7], Fakhruddin does
likewise for the moduli stack of abelian varieties. The genericity theorem is gener-
alized to smooth Artin stacks with reductive automorphism groups in [25].
The subject of this article is the essential dimension of coherent sheaves over a
projective scheme. We relate it to the essential dimension of projective modules
over a finite-dimensional algebra, and study the latter systematically. The essential
dimension also involves the number of moduli. In order to count moduli of coherent
sheaves, we express those with nilpotent endomorphisms as iterated extensions.
We then apply our general results to the special case of vector bundles of fixed
rank r and degree d over a smooth projective curve C. Theorem 7.3 gives the
essential dimension of the moduli stack BunC,r,d in this case, modulo the now famous
conjecture of Colliot-The´le`ne, Karpenko and Merkurjev [8, §1]. Our result improves
the upper bounds on this essential dimension given in [9] and in [3].
The stack BunC,r,d is not Deligne-Mumford, and its automorphism groups are
in general not reductive. We find that BunC,r,d nevertheless has the genericity
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property mentioned above, unless the curve C is elliptic. In the case of an elliptic
curve C, Proposition 7.2 gives counterexamples. Our methods specifically address
non-reductive automorphism groups, by focussing on nilpotent endomorphisms.
Let X →֒ PNk be a projective scheme over a base field k. Let K be a field
containing k, and let E be a coherent sheaf over the base change XK := X ⊗k K.
One says that E is defined over a field K ′ with k ⊆ K ′ ⊆ K if there is a coherent
sheaf E′ over XK′ with E
′ ⊗K′ K ∼= E. The essential dimension of E is
edk(E) := min
K′
trdegkK
′
where the minimum is taken over all fields K ′ with k ⊆ K ′ ⊆ K such that E is
defined over K ′.
Let k(E) ⊆ K denote the field of moduli for the coherent sheaf E over XK ; cf.
Remark 5.1. Since k(E) ⊆ K ′ for every field of definition K ′ for E, we have
edk(E) = trdegk k(E) + edk(E)(E)
where edk(E)(E) refers to the scheme Xk(E) over k(E) instead of X over k.
The essential dimension of E over k(E) measures how far E is from being defined
over k(E). This defect is caused by Aut(E), since an object without automorphisms
is usually defined over its field of moduli. We make use of the fact that Aut(E)
is the group of units of the finite-dimensional K-algebra End(E). Theorem 5.3
describes the obstruction against defining E over k(E) in terms of modules over
such algebras. This is the basis of our results on the essential dimension of E over
k(E). We also deduce that every vector bundle over an elliptic curve is defined over
its field of moduli.
We then have to estimate the transcendence degree of k(E). This is more subtle
if E has nilpotent endomorphism. Our estimates are based on Theorem 6.1, which
describes sheaves with nilpotent endomorphisms as iterated extensions.
These two theorems are our main technical tools. We formulate them for coher-
ent sheaves over projective schemes, but the method generalizes to other kinds of
objects as long as they have finite-dimensional endomorphism algebras.
The structure of this paper is as follows. Section 2 deals with projective modules
over right-artinian rings, in particular over finite-dimensional algebras. Section 3
studies the essential dimension of such modules, and reduces this question to the
case of central simple algebras, which is well-studied.
Section 4 deals with endomorphism algebras of coherent sheaves. Section 5
relates the fields of definition for E to those for some module over an endomorphism
algebra, and deduces information on the essential dimension of E over k(E).
Section 6 contains the moduli count, in particular for sheaves with nilpotent
endomorphisms. Section 7 puts all this together in the case of vector bundles over
a curve, and contains our results on their essential dimension.
2. Projective Modules over Right-Artinian Rings
Let R be a ring. Our rings are always associative, and they always have a
unit, but they are not necessarily commutative. By an R-module, we mean a right
R-module, unless stated otherwise. Let n ⊂ R be a nilpotent two-sided ideal.
Lemma 2.1. Every element q ∈ R/n with q2 = q admits a lift p ∈ R with p2 = p.
Proof. By assumption, there is an integer n ≥ 1 such that nn = 0. Using induction
over n, we may assume n2 = 0 without loss of generality.
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Let p ∈ R be any lift of q. Then p2 ≡ p modulo n, and hence (p2 − p)2 = 0.
Therefore, p′ := −2p3 + 3p2 ∈ R is another lift of q, and
(p′)2 = 4p6 − 12p5 + 9p4 = (p2 − p)2(4p2 − 4p− 3)− 2p3 + 3p2 = p′. 
Corollary 2.2. Let N be a finitely generated projective (R/n)-module. Then there
is a finitely generated projective R-module M such that M/Mn ∼= N . The finitely
generated projective R-module M is unique up to isomorphisms.
Proof. By assumption, N is isomorphic to a direct summand of a free module
(R/n)r for some r ∈ N. Therefore, N is isomorphic to the image of a matrix
q ∈Matr×r(R/n)
with q2 = q. Using Lemma 2.1, we can lift q to a matrix
p ∈Matr×r(R)
with p2 = p. The image of p is a finitely generated projective R-module M with
M/Mn ∼= N . For the uniqueness, suppose that M ′ is another finitely generated
projective R-module with M ′/M ′n ∼= N . Then there are (R/n)-linear maps
g1 : M/Mn −→M
′/M ′n and g2 :M
′/M ′n −→M/Mn
with g1 ◦ g2 = id and g2 ◦ g1 = id. Since M and M ′ are direct summands of free
modules, we can lift g1 and g2 to R-linear maps
f1 :M −→M
′ and f2 :M
′ −→M.
They satisfy f1 ◦ f2 ≡ id and f2 ◦ f1 ≡ id modulo n. Therefore, f1 ◦ f2 and f2 ◦ f1
are automorphisms. This shows that M ′ is isomorphic to M . 
We will only need rings that are finite-dimensional algebras over a field. These
satisfy the descending chain condition for right ideals, so they are right-artinian.
Definition 2.3. A projective module M over a right-artinian ring R has rank
r ∈ Q>0 if the direct sum M⊕n is free of rank nr for some n ∈ N with nr ∈ N.
Let R be a right-artinian ring. Let j ⊂ R denote the Jacobson radical; this is the
smallest two-sided ideal such that R/j is semisimple. The ideal j ⊆ R is known to
be nilpotent (see for example Theorem 14.2 in [16]). Wedderburn’s theorem states
R/j ∼= Matn1×n1(D1)× · · · ×Matns×ns(Ds)
for some division rings D1, . . . , Ds and some integers n1, . . . , ns ≥ 1. We put
dR := gcd(n1, . . . , ns).
Corollary 2.2 states that there is a finitely generated projective R-module MR with
MR/MRj ∼= Mat(n1/dR)×n1(D1)× · · · ×Mat(ns/dR)×ns(Ds),
and that MR is unique up to isomorphisms. ClearlyMR is projective of rank 1/dR.
Proposition 2.4. Let R, dR and MR be as above. If M is a projective R-module
of some rank r ∈ Q>0, then r = n/dR and M ∼=M
⊕n
R for some integer n ≥ 1.
Proof. Suppose that M is a projective module of rank r over R. Then M/M j is a
projective module of rank r over R/j. Hence we conclude
M/M j ∼= Matn1r×n1(D1)× · · · ×Matnsr×ns(Ds)
with n1r, . . . , nsr ∈ N. In other words, r = n/dR for some integer n ≥ 1, and
M/M j ∼= (MR/MRj)⊕n. This implies M ∼=M
⊕n
R due to Corollary 2.2. 
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3. Essential Dimension and Finite-Dimensional Algebras
Let k be a field. Let Fields/k denote the category of fields K ⊇ k. Let a functor
F : Fields/k −→ Sets
be given. If an element a ∈ F (K) is the image of an element a′ ∈ F (K ′) for some
intermediate field k ⊆ K ′ ⊆ K, then a is said to be defined over K ′.
Definition 3.1 (Merkurjev).
i) The essential dimension of an element a ∈ F (K) is
edk(a) := inf
K′
trdegkK
′
where the infimum is over all fields k ⊆ K ′ ⊆ K over which a is defined.
ii) The essential dimension of the functor F is
edk(F ) := sup
a
edk(a)
where the supremum is over all fields K ⊇ k and all elements a ∈ F (K).
We put edk(F ) = −∞ if F (K) = ∅ for all K.
iii) The essential dimension of a stack M over k is the essential dimension of
the functor Fields/k −→ Sets that sends each field K ⊇ k to the set of
isomorphism classes in the groupoid M(K).
Given a finite-dimensional k-algebra A and a number r ∈ Q>0, we denote by
ModA,r : Fieldsk −→ Sets
the functor that sends each field K ⊇ k to the set ModA,r(K) of isomorphism
classes of projective (A ⊗k K)-modules of rank r. Each of these sets ModA,r(K)
has at most one element by Proposition 2.4.
This section deals with
edk(ModA,r).
The following three propositions will allow us to assume that A is semisimple,
simple, and a division algebra, respectively.
Proposition 3.2. If n ⊂ A is a nilpotent two-sided ideal, then
edk(ModA,r) = edk(ModA/n,r).
Proof. Corollary 2.2 states that the canonical map
ModA,r(K) −→ ModA/n,r(K)
is bijective for every field K ⊇ k. 
Proposition 3.3. If A is isomorphic to a product of k-algebras Ai, then
edk(ModA,r) ≤
∑
i
edk(ModAi,r).
Proof. For each field K ⊇ k, we have a canonical bijection
∏
i
ModAi,r(K) −→ ModA,r(K)
which sends each sequence of projective (Ai⊗kK)-modulesMi to their productM .
If each Mi is defined over some intermediate field k ⊆ K ′i ⊆ K, then M is defined
over the compositum K ′ ⊆ K of all K ′i. This shows edk(M) ≤
∑
i edk(Mi). 
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Proposition 3.4. If A ∼= Matn×n(B) for a k-algebra B, then
edk(ModA,r) = edk(ModB,nr).
Proof. For each field K ⊇ k, we have a canonical bijection
ModA,r(K) −→ ModB,nr(K)
which sends a projective (A ⊗k K)-module M to M ⊗A Matn×1(B). The inverse
map sends a projective (B ⊗k K)-module N to N ⊗B Mat1×n(B). 
Proposition 3.5. If r = n/d for coprime integers n, d ≥ 1, then
edk(ModA,r) = edk(ModA,1/d).
Proof. For each field K ⊇ k, we have a canonical map
ModA,1/d(K) −→ ModA,r(K)
which sends a moduleM toM⊕n. This map is bijective due to Proposition 2.4. 
Let A be a simple k-algebra, with center l ⊇ k. Recall that the degree of A is
degA :=
√
diml A ∈ N.
If A ∼= Matn×n(D) for a central division algebra D over l, then the index of A is
indA := degD = degA/n.
In the case of a central simple k-algebraA, an upper bound for edk(ModA,1/ degA)
is proved in [8, §1]. We follow the argument and generalize it.
Proposition 3.6. If A is a simple k-algebra, and 0 < r < 1, then
edk(ModA,r) ≤ r(1 − r) dimk A.
If moreover r degA 6∈ N, then edk(ModA,r) = −∞.
Proof. Let l ⊇ k denote the center of A. Then A is a central simple l-algebra. Let
SB(r, A)
denote the generalized Severi-Brauer variety over l that parameterizes right ideals
a ⊂ A which are projective of rank r over A. This variety is a form of the Grass-
mannian that parameterizes linear subspaces of dimension r degA in a vector space
of dimension degA. Therefore, SB(r, A) = ∅ if r degA 6∈ N, and otherwise
diml SB(r, A) = r(1 − r) diml A.
We denote the Weil restriction of the variety SB(r, A) from l to k by
Resl/k SB(r, A).
This k-scheme represents by definition the functor that sends each k-scheme S to
the set of l-morphisms from S⊗k l to SB(r, A). This functor is indeed representable,
for example by Theorem 7.6/4 in [5]. We have
dimk Resl/k SB(r, A) = [l : k] · diml SB(r, A).
Now let K ⊇ k be a field such that
ModA,r(K) 6= ∅.
6 I. BISWAS, A. DHILLON, AND N. HOFFMANN
Due to Proposition 2.4, there then is a right ideal a ⊂ A⊗k K which is projective
of rank r over A. The ideal a corresponds to a K-valued point in Resl/k SB(r, A).
Let K ′ ⊆ K be the residue field of that point in Resl/k SB(r, A). Then
ModA,r(K
′) 6= ∅
because the ideal a is already defined over K ′, and
trdegk(K
′) ≤ dimk Resl/k SB(r, A) = r(1 − r) dimk A. 
Corollary 3.7. If A ∼= Matn×n(B) for a simple k-algebra B, then
edk(ModA,r) < nr dimk B.
Proof. Proposition 3.4, Proposition 3.5 and Proposition 3.6 yield
edk(ModA,r) = edk(ModB,nr) = edk(ModB,1/d) ≤
1
d
(1 −
1
d
) dimk B ,
where d ∈ N is the denominator of nr ∈ Q>0. Since 1/d ≤ nr, we get
edk(ModA,r) < nr dimk B. 
Given a prime number p and an integer n ≥ 1, we denote by vp(n) the p-adic
valuation of n. Therefore, pvp(n) is the largest power of p that divides n.
Corollary 3.8. If D is a division algebra over k, and d divides degD, then
edk(ModD,1/d) ≤ [l : k]
∑
p| degD
p2vp(degD/d)(pvp(d) − 1)
where l ⊇ k denotes the center of D.
Proof. There are central division algebras Dp over l such that
D ∼=
⊗
p| degD
Dp
over l, and degDp = p
vp(degD). We put dp := p
vp(d).
Let a field K ⊇ k be given. Let mi denote the maximal ideals in l⊗kK, and put
Li = (l ⊗k K)/mi.
Since D ⊗l Li and Dp ⊗l Li are central simple Li-algebras, they are simple as K-
algebras. They are precisely the simple quotients of D ⊗k K and of Dp ⊗k K,
respectively. Using Proposition 2.4, we conclude that the canonical map
∏
p| degD
ModDp,1/dp(K) −→ ModD,1/d(K)
is bijective for every field K ⊇ k. This proves the inequality
edk(ModD,1/d) ≤
∑
p| degD
edk(ModDp,1/dp).
Using Proposition 3.6 to bound each summand from above, the result follows. 
Karpenko [18, Theorem 4.3] has proved that this bound is sharp if D has center
k, and degD is a prime power:
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Theorem 3.9 (Karpenko).
If D is a central division algebra over k with degD = pn, and 1 ≤ m ≤ n, then
edk(ModD,1/pm) = p
2(n−m)(pm − 1).
Colliot-The´le`ne, Karpenko and Merkurjev [8, §1] have conjectured that the above
bound is sharp if D has center k, and d = degD:
Conjecture 3.10 (Colliot-The´le`ne, Karpenko, Merkurjev).
If D is a central division algebra over k, then
edk(ModD,1/ degD) =
∑
p| degD
(pvp(degD) − 1).
4. Endomorphism Algebras of Coherent Sheaves
Let X →֒ PNk be a projective scheme over the base field k. We put XS := X×kS
for each k-scheme S, and XK := X⊗kK for each field K ⊇ k. Let E be a coherent
sheaf over XK . Its endomorphism algebra End(E) satisfies
dimK End(E) <∞,
since End(E) is the space of the global sections of the coherent sheaf of endomor-
phisms of E. Therefore, the theory of finite-dimensional algebras applies to End(E).
Let j(E) denote the Jacobson radical of End(E). Wedderburn’s Theorem states
(1) End(E)/j(E) ∼=
∏
i
Matni×ni(Di)
for some finite-dimensional division algebras Di over K and some integers ni ≥ 1.
A nonzero coherent sheaf E over XK is called indecomposable if E ∼= E′ ⊕ E′′
implies that either E′ = 0 or E′′ = 0. Then End(E)/j(E) is a division ring D,
according to Lemma 6 in [1]. We will use the following slightly more general fact.
Lemma 4.1. In the notation of (1), the coherent sheaf E admits a decomposition
E ∼=
⊕
i
E⊕nii
into indecomposable coherent sheaves Ei with End(Ei)/j(Ei) ∼= Di.
Proof. Suppose that there is an isomorphism of K-algebras
End(E)/j(E) ∼= A′ ×A′′.
Then (1, 0) ∈ A′ × A′′ corresponds to an element q ∈ End(E)/j(E) with q2 = q.
Lemma 2.1 allows us to lift q to an element p ∈ End(E) with p2 = p. Therefore,
E = E′ ⊕ E′′
with E′ := im p ⊆ E and E′′ := im(1− p) ⊆ E. We have
End(E′)/j(E′) ∼= A′ and End(E′′)/j(E′′) ∼= A′′,
since End(E′) = pEnd(E)p and End(E′′) = (1− p) End(E)(1 − p).
The above argument allows us to assume that End(E)/j(E) is simple, say
End(E)/j(E) ∼= Matn×n(D).
Corollary 2.2 allows us to lift the projective module Mat1×n(D) over this algebra
to a projective module M of rank 1/n over End(E). The coherent sheaf
E1 :=M ⊗End(E) E
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over XK satisfies E
⊕n
1
∼= E, and therefore End(E1)/j(E1) ∼= D. The latter implies
that E1 is indecomposable. 
Lemma 4.2. Suppose that the scheme X is connected and has a rational point
P ∈ X(k). Let E be an indecomposable vector bundle over XK . Then we have
dimK End(E)/j(E) ≤ rank(E).
Proof. Note that XK is still connected, because each connected component of it
contains the point P . Therefore, the rank of E is constant over XK .
Since E is indecomposable, End(E)/j(E) is a division algebra D by Lemma 6 in
[1]. The fiber EP of E at P is a nonzero left module over End(E), and hence
dimK(D) ≤ dimK(EP ) = rank(E). 
Recall that the projective k-scheme X is an elliptic curve if X is a connected
smooth curve of genus one with a rational point P ∈ X(k).
Let Sstabµ(X) denote the category of semistable vector bundles over X of fixed
slope µ ∈ Q, and let Tors(X) denote the category of coherent torsion sheaves over
X . We will use the following version of the Fourier-Mukai transform in [23].
Theorem 4.3. Suppose that X is an elliptic curve over the base field k. There is
a natural equivalence of categories
T : Sstabµ(X) −→ Tors(X).
For any semistable vector bundle E of rank r and degree d over X, one has
dimk H
0(X,T (E)) = gcd(r, d).
Proof. See Theorem 14.7, and the remark following it, in [23]. 
Proposition 4.4. Suppose that X is an elliptic curve. Let E be an indecomposable
vector bundle over XK . Then End(E)/j(E) is a commutative field.
Proof. Because the Harder-Narasimhan filtration of any vector bundle over the
elliptic curve XK splits, and E is indecomposable, it follows that E is semistable.
Taking K as base field, the equivalence T in Theorem 4.3 maps E to an inde-
composable coherent torsion sheaf T (E) over XK . Any such sheaf T (E) satisfies
T (E) ∼= OXK/I
n
x
for some integer n ≥ 1 and some closed point x ∈ XK , where Ix ⊂ OXK denotes the
ideal sheaf of x. As the endomorphism algebras of T (E) and of E are isomorphic,
it follows that End(E)/j(E) is isomorphic to the residue field of the point x. 
5. Fields of Definition for Coherent Sheaves
As before, X is a projective scheme over a field k. Let CohX denote the moduli
stack of coherent sheaves over X (cf. [21] and [15] for moduli spaces of sheaves).
The stack CohX is given by the following groupoid CohX(S) for each k-scheme S:
• An object in CohX(S) is a coherent sheaf E over XS which is flat over S.
• A morphism in CohX(S) is an isomorphism of coherent sheaves.
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The´ore`me 4.6.2.1 in [20] states that CohX is an Artin stack, and that it is locally of
finite type over k (cf. also [11] or [13] for the curve case).
We consider a point of CohX , in the sense of [20, Section 5]. Let G be the residue
gerbe of this point, and let k(G) denote its residue field. The´ore`me 11.3 in [20]
states that G is an Artin stack of finite type over the field k(G).
Remark 5.1. Any coherent sheaf E over XK for a field K ⊇ k defines a point of
CohX . The residue gerbe G of this point parameterizes forms of E. The residue
field k(G) ⊆ K is known as the field of moduli for E. It is also denoted by k(E).
As before, let G be a residue gerbe of CohX , with residue field k(G). Hilbert’s
Nullstellensatz allows us to choose a field extension l ⊇ k(G) with
(2) d := [l : k(G)] <∞
such that G(l) 6= ∅. We choose a coherent sheaf F over Xl which is an object in the
groupoid G(l). Denoting by π : Xl ։ Xk(G) the canonical projection, we put
(3) A := End(π∗F ).
This section will relate the residue gerbe G to the endomorphism algebra A.
Example 5.2. A coherent sheaf E over XK for some field K ⊇ k is called simple if
End(E) = K.
Let G be a residue gerbe of CohX that parameterizes simple sheaves. Then G is a
gerbe with band Gm over k(G), and A is a central simple algebra of degree d over
k(G). Both define the same element in the Brauer group of k(G).
Theorem 5.3. In the situation preceding the example, consider a field K ⊇ k(G).
Then the following two categories are equivalent:
• the category of coherent sheaves E over XK which are objects in G(K), and
• the category of projective modules M of rank 1/d over AK := A⊗k(G) K.
Proof. We will describe mutually inverse functors between these two categories.
In one direction, we send a coherent sheaf E over XK to the AK-module
M := Hom
(
(π∗F )⊗k(G) K,E
)
.
Suppose that E is an object in G(K). As G is a gerbe over k(G), there is a field
extension L ⊇ k(G) containing l and K such that E⊗KL and F⊗lL are isomorphic
over XL; we may assume that [L : K] <∞. From this we conclude
M ⊗K L ∼= Hom
(
(π∗F )⊗k(G) L, F ⊗l L
)
.
Therefore the AL-module (M⊗KL)⊕d is free of rank one, by the projection formula.
Consequently, its underlying AK-module M
⊕d·[L:K] is free of rank [L : K]. This
shows that the AK-module M is projective of rank 1/d.
In the opposite direction, we send an AK-module M to the quasicoherent sheaf
E :=M ⊗A π∗F
over XK . Suppose that M is projective of rank 1/d. Then E is coherent. We
choose a field extension L ⊇ k(G) containing l and K. Proposition 2.4 implies
M ⊗K L ∼= Hom
(
(π∗F )⊗k(G) L, F ⊗l L
)
,
since both are projective AL-modules of rank 1/d. Therefore E ⊗K L and F ⊗l L
are isomorphic as coherent sheaves over XL. Hence E is an object in G(K). 
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Corollary 5.4. Let G be a residue gerbe of the moduli stack CohX as above.
i) Given a field K ⊇ k(G), all objects in the groupoid G(K) are isomorphic.
ii) For the k(G)-algebra A in (3) and the integer d in (2), we have
edk(G)(G) = edk(G)(ModA,1/d).
Proof. Just combine Theorem 5.3 with Proposition 2.4. 
Corollary 5.5. Suppose that X is connected and has a k-rational point. If E is a
vector bundle of rank r ≥ 1 over XK for some field K ⊇ k, then
edk(E)(E) ≤ r − 1.
Proof. In the above, we take for G the residue gerbe of the point given by E. Then
the chosen coherent sheaf F over Xl is a vector bundle of rank r. According to
Wedderburn’s Theorem, we have
End(π∗F )/j(π∗F ) ∼=
∏
i
Ai with Ai ∼= Matni×ni(Di)
for some division algebras Di over k(E). Using Lemma 4.1, we obtain that
π∗F ∼=
⊕
i
E⊕nii with End(Ei)/j(Ei)
∼= Di
for some vector bundles Ei over Xk(E). Corollary 3.7 and Lemma 4.2 imply that
edk(E)(ModAi,1/d) <
ni
d
dimk(E)Di ≤
ni
d
rank(Ei).
Using Proposition 3.3 and Proposition 3.2, we conclude that
edk(E)(ModEnd(π∗F ),1/d) <
1
d
rank(π∗F ) = rank(F ) = r.
According to Corollary 5.4, this means edk(E)(E) < r, as claimed. 
Corollary 5.6. If X is an elliptic curve over k, and E is a vector bundle over XK
for some field K ⊇ k, then E is defined over its field of moduli k(E) ⊆ K.
Proof. Hilbert’s Nullstellensatz implies that some pullback of E is already defined
over some extension field of finite degree over k(E). Therefore, Corollary 5.4 allows
us to assume without loss of generality that K has finite degree over k(E).
Let d denote the degree of K over k(E). Let π : XK ։ Xk(E) be the canonical
projection. Lemma 4.1 and Proposition 4.4 together imply that
End(π∗E)/j(π∗E) ∼=
∏
i
Matni×ni(Ki)
for some (commutative!) fields Ki ⊇ k(E) and some integers ni ≥ 1.
Now we use Theorem 5.3, Proposition 2.4, and Corollary 2.2. They allow us
to conclude that since E is defined over K, each integer ni is divisible by d, and
therefore E is already defined over k(E). 
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6. Moduli of Sheaves with Nilpotent Endomorphisms
As before, X is a projective scheme over a field k. Let NilnX denote the moduli
stack of coherent sheaves E over X and morphisms ϕ : E → E with ϕn = 0. This
stack is given by the following groupoid NilnX(S) for each k-scheme S:
• An object inNilnX(S) consists of a coherent sheaf E overXS and a morphism
ϕ : E → E with ϕn = 0 such that E and all coker(ϕi) are flat over S.
• A morphism in NilnX(S) from (E , ϕ) to (F , ψ) is an isomorphism of coherent
sheaves α : E → F with α ◦ ϕ = ψ ◦ α.
If (E , ϕ) is an object in NilnX(S), then im(ϕ)/ im(ϕ
i) is flat over S for each i, because
E/ im(ϕ) and E/ im(ϕi) are so by assumption. The forgetful 1-morphism
NilnX −→ CohX , (E , ϕ) 7−→ E
is representable and is of finite type. Therefore NilnX is an Artin stack, and it is
locally of finite type over k. We have Nil0X = Spec(k) and Nil
1
X = CohX . We will
describe NilnX for n ≥ 2 using the following moduli stacks of extensions.
Let M•→•X be the moduli stack of morphisms ϕ : E1 → E2 of coherent sheaves
over X . It is given by the following groupoid M•→•X (S) for each k-scheme S:
• An object inM•→•X (S) is a morphism ϕ : E1 → E2 of coherent sheaves over
XS such that coker(ϕ), im(ϕ) and ker(ϕ) are all flat over S.
• A morphism in M•→•X (S) from ϕ : E1 → E2 to ψ : F1 → F2 consists of two
isomorphisms αi : Ei → Fi such that α2 ◦ ϕ = ψ ◦ α1.
We can also view an object ϕ : E1 → E2 in M•→•X (S) as a pair of extensions
0→ ker(ϕ)→ E1 → im(ϕ)→ 0, 0→ im(ϕ)→ E2 → coker(ϕ)→ 0.
In particular, E1 and E2 are also flat over S. The forgetful 1-morphism
M•→•X −→ CohX ×k CohX , (ϕ : E1 → E2) 7−→ (E1, E2)
is representable and is of finite type. Therefore M•→•X is an Artin stack, and it is
locally of finite type over k.
Let M•→֒•X be the moduli stack of pairs E1 ⊂ E2 of coherent sheaves over X .
We can identify it with the open substack in M•→•X where ϕ is injective.
Let M•→֒•←֓•X be the moduli stack of triples E1 ⊂ E ⊃ E2 of coherent sheaves
over X . It is given by the following groupoid M•→֒•←֓•X (S) for each k-scheme S:
• An object in M•→֒•←֓•X (S) is a triple E1 ⊂ E ⊃ E2 of coherent sheaves over
XS such that
E
E1+E2
, E1+E2Ei
∼=
E3−i
E1∩E2
and E1 ∩ E2 are all flat over S.
• A morphism in M•→֒•←֓•X (S) from E1 ⊂ E ⊃ E2 to F1 ⊂ F ⊃ F2 is an
isomorphism of coherent sheaves α : E → F with α(Ei) = Fi for both i.
The forgetful 1-morphism
M•→֒•←֓•X −→ CohX , (E1 ⊂ E ⊃ E2) 7−→ E
is representable and locally of finite type. Therefore M•→֒•←֓•X is an Artin stack,
and it is locally of finite type over k. We will use the natural 1-morphisms
pr∩ :M
•→֒•←֓•
X −→M
•→֒•
X , (E1 ⊂ E ⊃ E2) 7−→ (E1 ∩ E2 ⊂ E1) and
pr→ :M
•→֒•←֓•
X −→M
•→•
X , (E1 ⊂ E ⊃ E2) 7−→ (E2 →֒ E ։ E/E1).
Let M•→֒•→֒•X be the moduli stack of chains E1 ⊂ E2 ⊂ E of coherent sheaves
over X . This is the open substack in M•→֒•←֓•X defined by the condition E1 ⊂ E2.
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Theorem 6.1. The natural 1-morphism
prn : Nil
n+1
X −→ Nil
n
X , (E , ϕ) 7−→ (imϕ, ϕ|imϕ)
is isomorphic to a composition of pullbacks of the natural 1-morphisms
prsub :M
•→֒•
X −→ CohX , (E1 ⊂ E2) 7−→ E1 and
prext :M
•→֒•→֒•
X −→M
•→•
X , (E1 ⊂ E2 ⊂ E) 7−→ (E2 →֒ E ։ E/E1).
More precisely, the commutative diagram of stacks
(4) Niln+1X
(E,ϕ) 7→(kerϕ⊂E⊃imϕ)
//
prn

M•→֒•←֓•X
pr→

NilnX
(F ,ψ) 7→(ψ:F→F)
//M•→•X
is cartesian, and the fibered product of stacks
M•→•X ×CohX M
•→֒•
X
//

M•→֒•X
pr
sub

M•→•X
(ψ:F ′→F) 7→kerψ
// CohX
makes the following commutative diagram of stacks cartesian as well:
(5) M•→֒•←֓•X
(E1⊂E⊃E2) 7→(E1⊂E1+E2⊂E)
//
pr→×pr∩

M•→֒•→֒•X
pr
ext

M•→•X ×CohX M
•→֒•
X
(ψ:F ′→F ,kerψ⊂F ′′) 7→(ψ+0:F
′⊕F′′
kerψ
→F)
//M•→•X .
Here F
′⊕F ′′
kerψ is the pushout of F
′ and F ′′ along their common subsheaf kerψ.
Proof. We start with diagram (4). Let an object (F , ψ) in NilnX(S) be given, to-
gether with an object E1 ⊂ E ⊃ E2 in M•→֒•←֓•X (S). Let
F
α

ψ
// F
β

E2
  // E // // E/E1
be an isomorphism between the two images in M•→•X (S). Then the composition
ϕ : E ։ E/E1
β−1
−−→ F
α
−→ E2 →֒ E
has image E2 and restriction ϕ|E2 = α ◦ ψ ◦ α
−1. Since E/E2 and all coker(ψi) are
flat over S, we conclude that all coker(ϕi) are flat over S as well.
Therefore (E , ϕ) is an object in Niln+1X (S) which gives back the given objects.
This construction is functorial and shows that the diagram (4) is cartesian.
It remains to consider diagram (5). Let an object E1 ⊂ E3 ⊂ E inM•→֒•→֒•X (S) be
given, together with an object ψ : F ′ → F in M•→•X (S) and an object kerψ ⊂ F
′′
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in M•→֒•X (S) that have the same image kerψ in CohX(S). Let
F ′⊕F ′′
kerψ
α′+α′′

ψ+0
// F
β

E3
  // E // // E/E1
be an isomorphism between the two images in M•→•X (S).
Comparing the cokernels and the kernels of the two horizontal maps, we see that
E/E3 ∼= cokerψ and E1 = α′′(F ′′) in E3. We put E2 := α′(F ′) in E3.
As α′+α′′ is an isomorphism from the pushout of F ′ and F ′′ to E3, the diagram
kerψ
  //
 _

F ′′
α′′

F ′
α′
// E3
is cocartesian. This implies that E3 = E1+ E2, and E1 ∩E2 = α′(kerψ) = α′′(kerψ).
Therefore (E1 ⊂ E ⊃ E2) is an object inM•→֒•←֓•X (S) which gives back the given
objects. This shows that the diagram (5) is cartesian as well. 
Now let C be a smooth projective curve of genus g over the base field k. Then
the stack NilC,n will turn out to be smooth of the expected dimension. In the very
similar case of Higgs fields instead of endomorphisms, Laumon has already proved
this in [19, Corollaire 2.10], using more local arguments.
Corollary 6.2. The stack NilC,n is smooth over k. Its dimension at the K-valued
point given by a coherent sheaf E over CK and ϕ ∈ End(E) with ϕn = 0 is
dim(E,ϕ)NilC,n = (g − 1)
n∑
i=1
r2i ,
where ri denotes the rank of im(ϕ
i−1)/ im(ϕi) over the generic point of CK .
Proof. We argue by induction over n, using the natural 1-morphisms that appear
in Theorem 6.1. Given coherent sheaves E1 and E2 over CK , we put
χ(E2, E1) := dimK Hom(E2, E1)− dimK Ext
1(E2, E1) ∈ Z.
The natural 1-morphism prsub is smooth of relative dimension
−χ(E1E0 ,
E1
E0
)− χ(E1E0 , E0) = −χ(
E1
E0
, E1)
at any K-valued point (E0 ⊂ E1), according to Proposition A.3 in [14].
The natural 1-morphism prext is smooth of relative dimension
−χ( EE1 , E1) + χ(
E3
E1
, E1) = −χ(
E
E3
, E1)
at any K-valued point (E1 ⊂ E3 ⊂ E), according to Lemma 3.8 in [4].
Hence the natural 1-morphism pr→ is smooth of relative dimension
−χ( E1E1∩E2 , E1)− χ(
E
E1+E2
, E1) = −χ(
E
E2
, E1)
at any K-valued point (E1 ⊂ E ⊃ E2), due to the cartesian square (5).
Therefore the natural 1-morphism prn is smooth of relative dimension
−χ( Eimϕ , kerϕ) = −χ(
E
imϕ ,
E
imϕ ) = (g − 1)r
2
1
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at the K-valued point (E,ϕ), due to the cartesian square (4). 
Corollary 6.3. Let E be an indecomposable vector bundle over CK for an alge-
braically closed field K ⊇ k. If ri denotes the generic rank of im(ϕi−1)/ im(ϕi) for
a general element ϕ of the Jacobson radical j(E) in End(E), then
trdegk k(E) ≤ 1 + (g − 1)
∑
i
r2i .
Proof. Since E is indecomposable, Lemma 6 in [1] implies that End(E)/j(E) ∼= K.
Let C ⊆ CohX be the closure of the point given by E. It satisfies
dimk C = trdegk k(E)− dimK End(E).
Choose n ∈ N with j(E)n = 0. Let N ⊆ NilX,n be the closure of all points (E,ϕ)
with ϕ ∈ j(E) such that each im(ϕi−1)/ im(ϕi) has generic rank ri. It satisfies
dimkN ≤ (g − 1)(r
2
1 + · · ·+ r
2
n)
due to Corollary 6.2. The fiber of the forgetful 1-morphism N → C over the dense
point E : Spec(K)→ C contains a dense open subscheme of j(E), so
dimkN ≥ dimk C + dimK j(E) = trdegk k(E)− 1. 
Corollary 6.4. Let E be a vector bundle of rank r over CK for a field K ⊇ k. If
E is not simple, and the curve C has genus g ≥ 2, then
trdegk k(E) ≤ (g − 1)(r
2 − r) + 2.
Proof. Since k(E) = k(E ⊗K L) for any field L ⊇ K, we may assume that K is
algebraically closed. We can express E as a direct sum of some indecomposable
vector bundles Ej of rank rj ≥ 1 over CK . Corollary 6.3 states
trdegk k(Ej) ≤ 1 + (g − 1)
∑
i
r2ij
for some integers rij ≥ 1 with
∑
i rij = rj . From this we conclude that
trdegk k(E) ≤
∑
j
trdegk k(Ej) ≤
∑
j
1 + (g − 1)
∑
i,j
r2ij .
Because E is not simple, the sum
∑
i,j rij = r has at least two summands. Hence
trdegk k(E) ≤ r + (g − 1)(r
2 − 2r + 2) = (g − 1)(r2 − r) + 2− (g − 2)(r − 2)
due to Lemma 6.5 below. Since g ≥ 2 and r ≥ 2, the result follows. 
Lemma 6.5. If r1, . . . , rn, n ≥ 2, are positive integers with r1 + · · ·+ rn = r, then
r21 + · · ·+ r
2
n ≤ r
2 − 2r + 2.
Proof. Since r22 + · · ·+ r
2
n ≤ (r2 + · · ·+ rn)
2, it suffices to treat the case n = 2. In
this case, the claim follows from r21 + r
2
2 = r
2 − 2r1r2 and r1r2 ≥ r − 1. 
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7. Essential Dimension of Vector Bundles over a Curve
Let C be a smooth projective irreducible curve of genus g over the field k. Assume
that C has a k-rational point. We consider the irreducible open substack
BunC,r,d ⊆ CohC
that parameterizes vector bundles of rank r ≥ 1 and degree d ∈ Z over C. Let
GC,r,d
denote the residue gerbe of the generic point on BunC,r,d.
Proposition 7.1. If the curve C has genus g = 0, then
edk(GC,r,d) = edk(BunC,r,d) = 0.
Proof. The assumptions imply C ∼= P1. Let E be a vector bundle over P1K for some
field K ⊇ k. Grothendieck’s splitting theorem states
E ∼= OP1
K
(n1)⊕ · · · ⊕ OP1
K
(nr)
for some n1, . . . , nr ∈ Z. Therefore E is already defined over k, so edk(E) = 0. 
Proposition 7.2. If the curve C has genus g = 1, then
edk(GC,r,d) = gcd(r, d) and edk(BunC,r,d) = r.
Proof. Let E be a vector bundle of rank r over CK for some field K ⊇ k. We have
edk(E) = trdegk k(E)
due to Corollary 5.6. Since k(E) = k(E⊗K L) for any field L ⊇ K, we may assume
without loss of generality that K is algebraically closed.
Suppose that E is generic, or in other words that E is an object of GC,r,d(K).
Then E is semistable. Taking K as base field, the image T (E) under the Fourier-
Mukai equivalence T in Theorem 4.3 is a generic coherent torsion sheaf of length
gcd(r, d) over CK . This shows dimK End(E) = gcd(r, d), and hence
edk(E) = trdegk k(E) = dimk(BunC,r,d) + dimK Aut(E) = gcd(r, d),
in this case. Consequently, we have edk(GC,r,d) = gcd(r, d).
In general, we can express E as a direct sum of some indecomposable vector
bundles Ei over CK . Corollary 6.3 states
trdegk k(Ei) ≤ 1
for all i. This implies that trdegk k(E) ≤ r, and hence edk(E) ≤ r.
We construct a vector bundle E of given rank r and degree d with edk(E) = r
as follows. Choose integers d1 < . . . < dr such that d1 + · · ·+ dr = d. Let
K = k
(∏
i
Picdi(C)
)
denote the function field of the product of the Picard varieties Picdi(C). We choose
a Poincare´ bundle over C ×k Pic
di(C) and denote its pullback to CK by Li. Then
E := L1 ⊕ · · · ⊕ Lr
is a vector bundle of rank r and degree d over CK . We claim that k(E) = K.
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Let S be an affine scheme over K ⊗k K. Let p, q : S → Spec(K) denote the two
projections. Let an isomorphism of vector bundles over CS
ϕ : p∗E −→ q∗E
be given. If i < j, then deg(Li) = di < dj = deg(Lj), and therefore
Hom(p∗Li, q
∗Lj) = 0.
This implies ϕ(p∗Ei) ⊆ q∗Ei for the subbundle
Ei := L1 ⊕ · · · ⊕ Li ⊆ E.
Consequently, ϕ induces for each index i a morphism
ϕi : p
∗Ei/p
∗Ei−1 −→ q
∗Ei/q
∗Ei−1.
As ϕ is an isomorphism, each ϕi is an isomorphism. Using Ei/Ei−1 ∼= Li, we get
p∗Li ∼= q
∗Li
for each i. By construction of K, this implies p = q. In other words, the projection
S → Spec(K ⊗k K) factors through the diagonal embedding
Spec(K) →֒ Spec(K ⊗k K).
Now let G be the residue gerbe of the point in BunC,r,d given by E. This gerbe
is given by the groupoid [I ⇒ Spec(K)], where
I := Spec(K)×BunC,r,d Spec(K)
parameterizes isomorphisms between pullbacks of E. We have just seen that the
projection I → Spec(K⊗kK) factors through the diagonal. Therefore, the identity
on Spec(K) descends to a morphism G → Spec(K). This shows
k(E) = K,
as claimed. Thus we obtain
trdegk k(E) = dimk
( r∏
i=1
Picdi(C)
)
= r
and hence edk(E) = r in this case. This shows that edk(BunC,r,d) = r. 
Theorem 7.3. If the curve C has genus g ≥ 2, then
edk(GC,r,d) = edk(BunC,r,d) ≤ (g − 1)r
2 + 1+
∑
p|h
(pvp(h) − 1)
for h := gcd(r, d). One has equality here if Conjecture 3.10 holds.
Proof. Let E be a vector bundle of rank r and degree d over CK for some field
K ⊇ k. If E is not simple, then Corollary 6.4 and Corollary 5.5 imply
edk(E) = trdegk k(E) + edk(E)(E)
≤ (g − 1)(r2 − r) + 2 + (r − 1) ≤ (g − 1)r2 + 1.
Now suppose that E is simple. Then Corollary 6.4 implies that
(6) trdegk k(E) ≤ (g − 1)r
2 + 1.
Let G denote the residue gerbe of the point E : Spec(K) → BunC,r,d. The residue
field of this point is k(E). Since E is simple, Corollary 5.4 implies that
edk(E)(G) = edk(E)(ModA,1/ degA)
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for some central simple algebra A over k(E). The index of A divides h = gcd(r, d),
because its Brauer class coincides by Example 5.2 with the Brauer class ψG of the
Gm-gerbe G, and indψG divides h for example by Corollary 3.6 in [14]. Hence
(7) edk(E)(G) ≤
∑
p|h
(pvp(h) − 1)
according to Proposition 3.4 and Corollary 3.8. This proves the inequality.
Suppose moreover that E maps to the generic point of BunC,r,d. Then we have
equality in (6). Assuming Conjecture 3.10, we also have equality in (7), because
indψG = h in this situation. For a proof of the latter, see Proposition 5.1 in [10],
or Corollary 6.6 in [12], or Theorem 1.8 in [2]. 
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